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Abstract
Assume G is a Lie group, K is a compact subgroup of G and M is a proper smooth G-manifold.
Using properties of the regular representations L2(G) and L2(K), we first prove results about ex-
tending certain representations and embedding homogeneous spaces smoothly into Hilbert G-spaces.
We then prove that M can be embedded as a closed smooth G-invariant submanifold of some Hilbert
G-space. It follows that M admits a complete G-invariant smooth Riemannian metric.
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0. Introduction
Assume G is any Lie group, not necessarily compact or having a finite group of con-
nected components. It is a classic result of R.S. Palais that a separable, metrizable proper
G-space admits an embedding in a Hilbert G-space [9, Theorem 4.3.3]. We follow Palais’
idea and prove a corresponding smooth embedding result. More precisely, we prove:
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M. Kankaanrinta / Topology and its Applications 153 (2005) 610–619 611Theorem 0.1. Let G be a Lie group and let M be a proper smooth G-manifold. Then
M admits a smooth G-equivariant embedding as a closed submanifold of some Hilbert
G-space.
The main difference between the topological and smooth cases is that a continuous or-
thogonal action of a Lie group on a real Hilbert space typically is not smooth. Sections 2–4
deal with this difficulty. Theorem 4.1 and Proposition 5.3 concern with extending repre-
sentations and embedding homogeneous spaces, respectively. In order to construct smooth
equivariant maps from a proper smooth G-manifold to a Hilbert G-space, we also need
Proposition 4.3.
As a corollary of Theorem 0.1 we obtain:
Theorem 0.2. Let G be a Lie group and let M be a proper smooth G-manifold. Then M
has a complete G-invariant smooth Riemannian metric.
It is a result of R.S. Palais [9, Theorem 4.3.1] that if G acts smoothly and properly on a
smooth manifold M , then M can be given a G-invariant smooth Riemannian metric. The
proof is done by first constructing local Riemannian metrics and then gluing them together
by using a G-invariant smooth partition of unity. Alternatively, one can use averaging over
the group method as in [1, Theorem 5.5.2]. As far as we know, it has not been studied earlier
whether a G-invariant Riemannian metric of M can be made complete. In the special case
where G is compact and M has only finitely many orbit types, Theorem 0.2 follows easily
from well-known results. In that case a result of G.D. Mostow (see [7, Section 7]) and
R.S. Palais (see [8]) says that M can be embedded as a closed smooth submanifold of a
euclidean space Rn on which G acts orthogonally. Since the standard Riemannian metric
on Rn is G-invariant and complete, it follows that also the G-invariant Riemannian metric
induced to M is complete.
1. Preliminaries
Let G be a Lie group and let M be a smooth (i.e., C∞) manifold on which G acts.
All manifolds are assumed to have at most countably many connected components and
an empty boundary. If the action map G × M → M is smooth, we call M a smooth G-
manifold. If the action is also proper, i.e., if the map G×M → M ×M , (g, x) → (gx, x),
is proper, we call M a proper smooth G-manifold.
Assume H is a closed subgroup of G and N is a smooth H -manifold. Then H acts on
G × N by H × (G × N) → G × N , (h, (g, x)) → (gh−1, hx). We denote the orbit space
of G×N by G×H N and the orbit of (g, x) ∈ G×N by [g,x]. The orbit space G×H N
is a smooth G-manifold. If N is a proper smooth H -manifold, then G ×H N is a proper
smooth G-manifold.
Let S be a smooth submanifold of a proper smooth G-manifold M . Assume x ∈ S and S
is Gx -invariant, where Gx is the isotropy subgroup {g ∈ G | gx = x} at x. If GS is open in
M and there exists a smooth G-equivariant map f : GS → G/Gx such that f−1(eGx) = S,
we call S a smooth slice at x.
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tinuous representation  :G → GLn(R) is denoted by Rn() and called a linear G-space.
Let X be a topological space and let f :X → R be a continuous map. We denote the
support of f , i.e., the closure of the set {x ∈ X | f (x) = 0}, by supp(f ).
2. Hilbert G-spaces
By a Hilbert space we mean a real vector space H together with an inner product 〈·, ·〉
such that relative to the metric d(x, y) = ‖x − y‖ induced by the norm, H is a complete
metric space. We denote by O(H) the group of orthogonal linear transformations of the
Hilbert space H.
Definition 2.1. Let G be a Lie group and let H be a Hilbert space. If there exists a repre-
sentation  :G → O(H), such that the action G×H → H, (g, v) → (g)v, is continuous,
we call H a Hilbert G-space. A point v ∈ H is called a smooth vector, if the map G → H,
g → gv, is smooth.
Since every continuous homomorphism G → GLn(R) is smooth and since the standard
linear action of GLn(R) on Rn is smooth, it follows that every continuous linear action
of a Lie group on a euclidean space is smooth. More generally, if a Lie group G acts
continuously on a smooth manifold M in such a way that every element g of G is a smooth
diffeomorphism of M , then the action of G on M is smooth (see [6, Theorem on p. 212],
or [1, Theorem 5.5.4]). These results fail for infinite dimensional Hilbert spaces. However,
the space of smooth vectors in a Hilbert G-space is always a dense subspace (see [10,
Section 4.4.1]).
3. The space L2(G)
Let G be a Lie group. We denote by
∫
G
· · ·dg the left Haar integral on G. Moreover,
we denote by L2(G) the space of all square integrable real valued functions on G. For
f1, f2 ∈ L2(G), we define the inner product 〈· , ·〉 by
〈f1, f2〉 =
∫
G
f1(g)f2(g) dg.
The inner product 〈· , ·〉 induces a norm ‖ · ‖ on L2(G). Functions f1 and f2 are considered
identical if ‖f1 − f2‖ = 0. Thus L2(G) really consists of equivalence classes of functions.
When we refer to a function f in L2(G), we mean the equivalence class of f . As is well
known, L2(G) equipped with the inner product 〈· , ·〉 is a Hilbert space. The group G acts
on L2(G) as follows:
G × L2(G) → L2(G), (g,f ) → f ◦ g−1.
We call L2(G) the left regular representation of G.
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on G with a compact support. We call a function f ∈ C0(G) non-negative, denoted f  0,
if all its values are  0. An element f ∈ L2(G) is called non-negative, denoted f  0, if it
is a limit of non-negative functions in C0(G).
Propositions 3.1 and 3.2 (for complex valued functions on G) are due to H. Abels and
P. Strantzalos, see [1, Proposition 2.4.8].
Proposition 3.1. The action of G on L2(G) is continuous.
Proposition 3.2. The action of G on the subspace P = {f ∈ L2(G) | f  0, f = 0} is
proper.
By Proposition 3.1, L2(G) is a Hilbert G-space. By [10, Example on p. 252], every
smooth function G → R whose support is compact is a smooth vector in L2(G).
Let µ be a measure on a topological space X and let Y be a subset of X. Then µ induces
a measure µY on Y , where µY (A) = µ(A), for A ⊂ Y . Let Z be another topological space.
Then any map f :X → Z associates with µ the measure fµ on Z, where (fµ)(B) =
µ(f −1(B)), for B ⊂ Z.
Let G be a Lie group and let K be a compact subgroup of G. Let G act on itself by
the left action and consider the restriction of this action to the subgroup K . Then G is
a smooth K-manifold and K is a smooth K-invariant submanifold of G. By [2, Theo-
rem VI 2.2], there exists a smooth K-equivariant retraction r˜ :U → K , where U is some
open K-invariant neighbourhood of K in G. Let V be an open K-invariant subset in U
containing K and such that the closure V ⊂ U . Using the differentiable slice theorem [9,
Proposition 2.2.2], we may assume that V is K-equivariantly diffeomorphic to K × S,
where S is a compact smooth manifold with boundary, K acts trivially on S and diago-
nally on K × S. Let r :V → K be the restriction of r˜ . Let µ denote a left Haar measure
on G, as constructed for example in [4, 15.8]. Then µ is regular in the sense of [4, 11.34],
i.e., it is a Radon measure [3, 2.2.5].
Proposition 3.3. The measure rµV is a Radon measure. It is a left Haar measure on K .
Proof. Since µ is a Radon measure, it follows easily, using the fact that µ(∂V ) = 0, that
also µV is a Radon measure. But then rµV is also a Radon measure, by [3, Proposi-
tion 2.2.17]. Since r is K-equivariant, it follows that rµV is a K-invariant measure and
qualifies for a left Haar measure on K . 
Proposition 3.4. Let G be a Lie group and let K be a compact subgroup of G. Consider
L2(G) as a Hilbert K-space by restricting the action of G. Then there exists a continuous
K-equivariant linear map A :L2(K) → L2(G) such that A(C∞(K)) ⊂ C∞0 (G) and the
restriction A|C(K) is an injection.
Proof. Let the notation be as in Proposition 3.3. Since µV is a Radon measure, it is regular
also in the sense of [3, 2.1.5]. Let ∫
K
and
∫
G
denote the left Haar integrals associated with
rµ and µ, respectively. It now follows from Theorem 2.4.18 in [3], that f :K → R isV
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f (k) dk =
∫
G
ξ(g)f ◦ r(g) dg,
where ξ denotes the characteristic function of V .
Let s :G → [0,1] be a smooth K-invariant map such that s(k) = 1, for every k ∈ K and
supp(s) ⊂ V . Define A :L2(K) → L2(G) by
A(f )(g) =
{
s(g)f (r(g)), if g ∈ V ,
0, otherwise.
Since A(f ) is measurable for every measurable f and square integrable if f is square
integrable, it follows that A is well defined. Clearly, A is a K-equivariant linear map, A(f )
is smooth, for smooth f and the support of A(f ) is compact. Thus A(C∞(K)) ⊂ C∞0 (G).
It is clear, that A is continuous and that A|C(K) is an injection, which completes the
proof. 
4. Extending representations
Theorem 4.1. Let G be a Lie group and let K be a compact subgroup of G. Then every
linear K-space Rn() is a K-invariant linear subspace of some Hilbert G-space H. More-
over, we can assume that every point in Rn() is a smooth vector in H.
Proof. Since every linear representation of a compact Lie group is equivalent to an or-
thogonal representation (see [2, Theorem 0.3.5]), we may assume that K acts on Rn()
via a homomorphism  :K → O(n). Then Rn() = V1 ⊕ · · · ⊕Vm, where Vi , 1 i m,
is an irreducible orthogonal representation of K . The left regular representation L2(K)
decomposes into a discrete sum of irreducible representations and every irreducible rep-
resentation of K occurs at least once in this decomposition (see [5, 27.49]). Thus every
Vi is a K-invariant linear subspace of L2(K). According to [5, 27.49], every vector in
Vi corresponds to a smooth map in L2(K). It follows that Rn() is a K-invariant linear
subspace of a direct sum of m copies of L2(K) and, by Proposition 3.4, we can choose H
to be the direct sum of m copies of L2(G). The linear injection Rn() →⊕m L2(G) has
an inverse defined on the image of Rn(). The inverse is continuous, since the image of
R
n() has finite dimension. Thus the linear injection is a topological isomorphism onto its
image. 
Lemma 4.2. Let G be a Lie group and let H be a Hilbert G-space. Assume {v1, . . . , vn} is a
finite set of smooth vectors in H. Let V be the real vector space generated by {v1, . . . , vn}.
Then the map φ :G ×V → H, (g, x) → gx, is smooth.
Proof. Clearly, we may assume that vi = 0, for every i. Let Vi be the real vector space
generated by vi , for every 1  i  n. Let ‖ · ‖ denote the norm in H. Then we can write
x = ‖x‖u, for every x ∈ Vi , where u = vi‖vi‖ (or u =
−vi‖vi‖ ). Let φi :G × Vi \ {0} → H,
(g, x) → gx. The map f1 :G ×Vi \ {0} → G ×R, (g, x) → (g,‖x‖), is smooth. Since u
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Moreover, the map f3 :H × R → H, (v, a) → av, is smooth. Then φi = f3 ◦ f2 ◦ f1 is
smooth as a composition of smooth maps.
We may assume that {v1, . . . , vn} is linearly independent. Let A denote the set of ele-
ments x = (x1, . . . , xn) in V =⊕ni=1 Vi for which xi = 0, for some i. Let pi :V → Vi be
the projection, for every 1  i  n, and let pi | denote the restriction of pi to V \ A. Let
s :
⊕n
i=1 H → H, (y1, . . . , yn) → y1 + · · ·+ yn. Both s and the maps pi are smooth. Let id
denote the identity map of G. Then φ|(G×V \A) = s ◦∏ni=1 φi ◦ (id ×pi |) is smooth as
a composition of smooth maps. Choosing a basis for V by using vectors w1, . . . ,wn such
that no wi is a multiple of any of the vectors vi and repeating the proof by using the new
basis vectors shows that the map G ×V \ {0} → H, (g, x) → gx, is smooth.
Let G act trivially on R, and let W be the vector subspace of H ⊕ R generated by
{(v1,0), . . . , (vn,0), (0,1)}. Then (vi,0) is a smooth vector in H ⊕ R, for 1 i  n. The
map ψ :G × W \ {0} → H ⊕ R, (g, (x, a)) → g(x, a) = (gx, a), is smooth. Let e :V →
W \ {0}, x → (x,1), and let pr :H ⊕ R → H be the projection. Then e and pr are smooth
maps. But then φ = pr ◦ ψ ◦ (id, e) is smooth as a composition of smooth maps. 
Proposition 4.3. Let G be a Lie group, K a compact subgroup of G and M a smooth
K-manifold. Let  :K → O(n) be a continuous representation and let H be a Hilbert G-
space containing Rn() as a K-invariant linear subspace such that every point in Rn()
is a smooth vector in H. Assume f :M → Rn() is a smooth K-equivariant map. Then
f¯ :G ×K M → H, [g,x] → gf (x), is a smooth G-equivariant map.
Proof. Let q :G ×K M → G/K be the G-map taking M to eK . Clearly, q is a smooth
map. Assume [g0, x0] ∈ G ×K M . Then q([g0, x0]) = g0K . Let U be an open neighbour-
hood of g0K in G/K and let γ :U → G be a smooth cross section. Then q−1(U) is an
open neighbourhood of [g0, x0] and the map θ :U × M → q−1(U), (u, x) → [γ (u), x], is
a smooth diffeomorphism. Since γ and f are smooth, it follows from Lemma 4.2, that
f¯ ◦ θ :U × M → H, (u, x) → γ (u)f (x),
is smooth. Thus the restriction f¯ | :q−1(U) → H is smooth. Since the point [g0, x0] was
chosen arbitrarily, it follows that f¯ is smooth. 
5. Embedding of homogeneous spaces
In this section we show how to embed homogeneous spaces of a Lie group G smoothly
into Hilbert G-spaces. We first need Lemma 5.1, the proof of which is similar to that of
Lemma VI 1.1 in [2] (Bredon has a finite dimensional manifold instead of a Hilbert space),
except for the choose of the map f in the end of the proof.
Let H be a Hilbert space and let p ∈ H. Assume γ :R → H is a smooth curve with
γ (0) = p and f is a smooth real valued function defined on some neighbourhood of p. We
define the directional derivative of f at p along γ to be
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dt
f
(
γ (t)
)
t=0.
Lemma 5.1. Let θ :R × H → H be a continuous action of the additive group of reals on
the Hilbert space H. For each v ∈ H, let τv :R → H, t → θ(t, v) = θt (v). Then the fixed
point set HR coincides with the set of smooth vectors v ∈ H for which the tangent vector
Dτv to τv is zero.
Proof. Assume first that v ∈ HR. Then τv is the constant curve at v and, consequently,
Dτv = 0.
Assume next that v ∈ H is a smooth vector and that Dτv = 0. Let s ∈ R. Then
τs(v)(t) = θt θs(v) = θsθt (v) = θs
(
τv(t)
)
,
since R is Abelian. Thus
τs(v) = θs ◦ τv.
It follows that
Dτs(v) = (θs)∗(Dτv ) = (θs)∗(0) = 0,
for all s ∈ R, where (θs)∗ denotes the differential of θs . Suppose f :U → R is a smooth
map defined on some neighbourhood U of v. Then, for sufficiently small s,
d
dt
f
(
θt (v)
)
t=s =
d
dt
f
(
θs+t (v)
)
t=0 = Dτs(v) (f ) = 0.
It follows that the map t → f (θt (v)) is constant on some neighbourhood of zero. We first
choose f :H → R, r → 〈r, r〉. Then ‖θt (v)‖ must be constant on some neighbourhood of
zero. We then choose f :H → R to be the map taking r to the square of the distance from
r to the line L going through the point v and the origin. Since θ0(v) = v, it follows that
θt (v) must be on L when t is close to zero. Consequently, the map t → θt (v) must be a
constant map on some neighbourhood of zero. Since θs+t = θs ◦ θt , it follows that the map
t → θt (v) must be constant everywhere. Thus v is a fixed point. 
We remind that if H1 is a smooth manifold or a Hilbert space and if H2 is a Hilbert
space, then a smooth map f :H1 → H2 is called immersive at x ∈ H1 if the differential dfx
is injective and the image dfx(TxH1) is a closed linear subspace of Tf (x)H2. When proving
that a map is an immersion we often only show that the differential is injective, since the
other condition holds obviously (typically, because dfx(TxH1) is finite dimensional).
Proposition 5.2. Let G be a Lie group, let H be a Hilbert G-space and assume v is a
smooth vector in H. Then the map
f :G/Gv → H, gGv → gv,
is a smooth injective immersion.
Proof. Let g0G ∈ G/Gv and let γ :U → G be a smooth cross section at g0G. Since v
is a smooth vector, the map α :G → H, g → gv, is smooth. Then also the restriction
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Clearly, f is injective. The proof that f is an immersion is similar to the proof of Theo-
rem VI 1.2 in [2] where, instead of a Hilbert G-space Bredon has a smooth G-manifold.
Notice, that by an embedding Bredon means an injective immersion. The reference to
Lemma VI 1.1 in Bredon’s proof should be replaced by a reference to Lemma 5.1. 
Proposition 5.3. Let G be a Lie group and let K be a compact subgroup of G. Then there
exist a Hilbert G-space H and a smooth vector v ∈ H such that Gv = K and the map
G/K → H, gK → gv, is a closed smooth embedding.
Proof. Let f :G → R be a smooth K-invariant non-negative function with compact sup-
port assuming the value one only at the coset K . Then f ∈ P (see Proposition 3.2), f is
a smooth vector in L2(G) and Gf = K . By Proposition 5.2, the map r :G/K → L2(G),
gK → gf , is a smooth injective immersion. Since G acts properly on P by Proposition 3.2,
and f ∈ P , it follows from Proposition 1.1.5 in [9], that r is a homeomorphism onto its
image. Since the norm on L2(G) is G-invariant, it follows that ‖gf ‖ = ‖f ‖, for every
g ∈ G. Thus 0 /∈ r(G/K) (the closure of r(G/K) in L2(G)). Since r(G/K) is closed in P
(Proposition 1.1.4 in [9]) and P ∪ {0} is closed in L2(G), it now follows that r(G/K) is
closed in L2(G). 
6. Proofs
Lemma 6.1. Let G be a Lie group and let K be a compact subgroup of G. Let S be a smooth
K-manifold having only finitely many orbit types. Then the twisted product G×K S admits
a smooth closed G-equivariant embedding in some Hilbert G-space.
Proof. By [7, Section 7], or equivalently, by [8], there exist a representation  :K → O(n)
and a closed smooth K-equivariant embedding f :S → Rn(), for some n ∈ N. According
to Theorem 4.1, we can consider Rn() as a K-invariant subspace of some Hilbert G-space
H such that every point of Rn() is a smooth vector in H. By Proposition 5.3, there exist a
Hilbert G-space H0 and a point v ∈ H0 such that Gv = K and the mapping r :G/K → H0,
gK → gv, is a closed smooth embedding.
Let f¯ :G×K S → H⊕H0, [g,x] → (gf (x), gv). Then f¯ is injective. The smoothness
follows from Proposition 4.3.
Assume [g0, x0] ∈ G ×K S. Let U be an open neighbourhood of g0K in G/K and let
γ :U → G be a smooth cross section. As in the proof of Proposition 4.3, we see that U ×S
is diffeomorphic to an open neighbourhood of [g0, x0] in G ×K S. The composed map of
this diffeomorphism θ and f¯ is
F :U × S → H⊕H0, (u, x) →
(
γ (u)f (x), γ (u)v
)
.
The restrictions F |U × {x0} and F |{g0K} × S are immersions. Since the intersection
dF(T(g0K,x0)(U × {x0})) ∩ dF(T(g0K,x0)({g0K} × S)) = {0}, it follows that F is immer-
sive at (g0K,x0). Since the point (g0K,x0) was chosen arbitrarily it follows that F is an
immersion. But this implies that also f¯ is an immersion.
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the sequence (γ (un)f (xn), γ (un)v), where (un, xn) ∈ V × S for every n, converges to
(y,w) ∈ H × H0. Then w = γ (u)v, for some u ∈ G/K , and since the map r is an em-
bedding, it follows that un → u. Since V is closed in G/K , we have that u ∈ V . Then
γ (un)
−1 → γ (u)−1 and, consequently, f (xn) → γ (u)−1y. Since f is a closed embed-
ding, it follows that γ (u)−1y = f (x), for some x ∈ S, and moreover that xn → x. Thus
F(V × S) is closed in H⊕H0 and the inverse map F−1 :F(V × S) → V × S is continu-
ous. It follows that the restriction F |(V ×S) is a closed map. Therefore also the restriction
f¯ |θ(V × S) is closed. The twisted product G ×K S has a locally finite cover by sets of
form θ(V × S). Since r is a closed embedding, it follows that f¯ maps these sets in such
a way that their images form a locally finite family in H × H0. It follows that f¯ is closed
and the inverse f¯−1 : f¯ (G ×K S) → G ×K S is continuous. 
Proof of Theorem 0.1. Since the orbit space M/G is paracompact (by Theorem 4.3.4 in
[9], M/G is metric), M has a locally finite cover by tubes GSi , where Si is a slice at some
xi ∈ M and i ∈ N. We may assume that for each i, the intersection GSi ∩ GSj = ∅, except
for finitely many j . Furthermore, we may assume that each Si is compact, which implies
that Si has only finitely many orbit types when considered as a Gxi -space by restriction.
Let {Oi}i∈N be a cover of M by open G-invariant sets Oi such that Oi ⊂ GSi , for every i.
Let H be the Hilbert space of square summable sequences on which G acts trivially.
For every i, let hi :M → [0,1/i] be a smooth G-invariant map such that hi |Oi = 1/i
and supp(hi) ⊂ GSi . Define h :M → H, by h(x) = (h1(x), h2(x), . . . , hi(x), . . .). Then h
is a smooth G-equivariant map.
By Lemma 6.1, there exists a smooth closed G-equivariant embedding fi : GSi → Hi ,
where Hi is some Hilbert G-space, for every i ∈ N. Define f¯i :M → Hi by letting f¯i (x) =
hi(x)fi(x), when x ∈ GSi and f¯i (x) = 0 otherwise. Finally, define
f :M → H⊕
∞⊕
i=1
Hi , x →
(
h(x), f¯1(x), f¯2(x), . . . , f¯i (x), . . .
)
.
Then f is a smooth G-equivariant injection. Since each f¯i is immersive on Oi and the sets
Oi cover M , it follows that f is an immersion.
It remains to show that f is closed. Let A be a closed subset of M and let
xn ∈ A, for every n ∈ N. Assume the sequence (f (xn)) converges to the point y =
(y0, y1, y2, . . . , yi, . . .) ∈ H ⊕⊕∞i=1 Hi . Then f¯i (xn) → yi for every i, and yj = 0, for
some j ∈ N. Therefore, there exists m > 0 such that if n > m, then xn ∈ GSj ∩A. Assume
first that xn ∈ Oj ∩ A, for n > m. Since the restriction f¯j |Oj is a closed embedding, it
follows that yj = f¯j (x), for some x ∈ Oj ∩ A and that xn → x. But then f (xn) → f (x)
and y = f (x) ∈ f (A). Assume next that xn ∈ GSj \ Oj , for infinitely many n > m. Then
we can cover GSj \ Oj by finitely many sets Oi and essentially repeating the previous
argument shows that y = f (x) for some x ∈ A. Thus f is a closed map. 
Proof of Theorem 0.2. By Theorem 0.1, there exists a smooth G-equivariant embedding
f :M → H into some Hilbert G-space H. Moreover, we can assume that f (M) is closed
in H. The standard Riemannian metric r on H is complete and G-invariant. Let d denote
M. Kankaanrinta / Topology and its Applications 153 (2005) 610–619 619the metric r induces on H. Then d is complete and since f (M) is closed in H, its restriction
df (M) to f (M) is also complete. The metric df (M) induces in an obvious way a metric dM
on M and, clearly, this metric is also complete. Now, the Riemannian metric r induces a
smooth G-invariant Riemannian metric rM on M . Let d0 denote the metric rM induces
on M . Then d0(x, y)  dM(x, y), for every x, y ∈ M , and the metrics d0 and dM induce
the same topology on M . It follows that d0 is complete. Thus rM is a complete G-invariant
smooth Riemannian metric on M . 
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